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Abstract

A new Eddy viscosity model is proposed to include stress–strain lag effects in the modelling of unsteady mean flows. A transport equa-
tion for the lag parameter, hereby denoted Cas, is derived from a full Reynolds stress model (RSM), to be solved in conjunction with a
standard two equation Eddy viscosity model (EVM). The performance of the new k–e–Cas model is assessed by applying it to the flow in
a homogeneous irrotational cyclic strain; a channel flow driven by a pressure gradient oscillating around a non-zero mean, and a
NACA0012 profile in deep stall. For the oscillating channel, results are compared with recent large Eddy simulations (LES) of the same
flow and the addition of the lag parameter equation is shown to give improved results when compared to the standard EVM outside the
near wall region.
� 2006 Elsevier Inc. All rights reserved.
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1. Introduction

Many everyday turbulent flows are inherently unsteady,
both industrial (e.g. flows in the cylinders of internal com-
bustion engines, in tubines, wakes of bluff bodies, etc.)
and natural (e.g. the blood flow in arteries). The unsteadi-
ness can be a result of imposed fluctuating boundary condi-
tions, or geometry induced oscillations, or a combination of
both. The presence of such unsteadiness in a flow can signif-
icantly alter the behaviour of important parameters such as
the Reynolds stresses, turbulent kinetic energy and dissipa-
tion rate. Despite the existence and development of signifi-
cantly more complex and advanced modelling strategies,
most industrial unsteady flows are still computed with Eddy
viscosity models within an unsteady Reynolds averaged
Navier–Stokes URANS framework. However, the accuracy
of standard Eddy viscosity models has not been carefully
established in such applications and several fundamental
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assumptions in their derivations for steady flows in near tur-
bulent equilibrium no longer hold in cases.

From the work by Boussinesq (1877), the EVM provides
a direct link between the turbulent stress tensor uiuj in its
dimensionless form (aij, shown in Eq. (1)), where k is the
turbulent kinetic energy and dij is the Kronecker delta func-
tion, and the mean rate-of-strain tensor Sij, erroneously
forcing them to be directly in phase:

aij ¼
uiuj

k
� 2

3
dij; Sij ¼

1

2

oU i

oxj
þ oUj

oxi

� �
: ð1Þ

The phase lag between the stress and strain tensors is essen-
tial in the case when the flow is subjected to periodic strain
of relatively high frequency and the lack of this feature
leads to continuous over-generation of turbulent kinetic
energy (Hadz̆ić et al., 2001). It is well documented that
standard linear EVMs significantly overpredict the produc-
tion of turbulent kinetic energy in the presence of strong
strain. This has led to proposals for various limiters as in
the v2–f model (Durbin, 1991), the k–x SST model
(Menter, 1992) and the linear production model (Guimet
and Laurence, 2002) among others. The need for such
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bounds comes from the fact that linear EVMs yield a pro-
duction, Pk, proportional to the square of the strain rate
Sij. In contrast, a full Reynolds stress model calculates an
exact production which is linear in the strain rate. Indeed,
one can write exactly Pk = CaskkSk where Cas is a non-
dimensional parameter representing the degree of align-
ment between stresses and strains:

Cas ¼ �
aijSij

kSk : ð2Þ

Basara and Jakirlić (2003) solved the full stress transport
equations to include the stresses in Pk, as a means of
improving k levels used in a EVM representation of the
stresses subsequently applied in the momentum equation.
The results show some good improvements for a range of
testcases, but the computational cost is very high.

Reynolds stress models have been shown to act in some
ways like an LES subgrid scale model in some inherently
transient flows where they allow large-scale unsteady struc-
tures to develop in the flow, see e.g. Benhamadouche and
Laurence (2003). In homogeneous cyclic strains, an RSM
allows the turbulent intensity to grow until inertial effects
are large enough such that the stress tensor no longer fol-
lows the strain tensor, causing turbulence production to
be blocked as shown in Hadz̆ić et al. (2001). The use of a
full RSM in combination with LES might, therefore, be
appealing for hybrid approaches (e.g. DES from Spalart
et al., 1997), but is still often perceived as impractical for
industrial applications. It is interesting to also note that
the reduction of the Eddy viscosity coefficient in two equa-
tion modelling, as in Hoarau et al. (2002), calibrated on the
basis of Reynolds stress modelling, can lead to the appear-
ance of unsteady vortex structures in agreement with the
physical experiment.

The aim of this work is therefore to develop a model for
the stress–strain lag, Cas, which appears to be a key param-
eter in rapidly evolving flows. A transport equation is
developed for Cas, based on the use of an RSM for the time
derivative of the tensor aij as well as terms including the
rate of change of the strain tensor Sij. The model will be
derived and validated for homogeneous shear and channel
flows, before being applied to a homogeneous cyclic strain
case, an oscillating channel flow and a flow around a
NACA0012 profile in deep stall. Its performance will be
compared to LES results for the flow in a channel driven
by a pressure gradient oscillating around a non-zero mean.
LES calculations of this flow are computed and compared
to recent simulations with the same parameters (see Scotti
and Piomelli, 2001a,b). The objective is to use the LES
database for the validation of URANS models in the
future, but the current paper is limited to an introduction
of this work.

2. Stress–strain lag

Both the stress anisotropy, aij, and strain rate, Sij, are
3 · 3 symmetrical tensors. This is important since it can
be shown that the eigenvectors of a symmetric tensor are
real and orthogonal. The anisotropy tensor has zero trace
(aijdij = 0) and is dimensionless by definition, whereas the
strain rate tensor is an inverse time scale and has zero trace
only in the condition of incompressibility, which is
assumed for this work. As previously stated, the Eddy vis-
cosity model assumes that these two tensors are aligned.
DNS data from a channel flow and from homogeneous
shear flow can be used to see that even in these cases, this
assumption is not true.

Measuring the alignment of two 2 · 2 symmetric tensors
is trivial since there is only one angle between the sets of
orthogonal principle axes. This is important as it implies
that the alignment for all two-dimensional flows is repre-
sentable by a single dimensionless scalar. For a 3 · 3
tensor, the orientation is defined by the three Euler angles,
which can be obtained through calculation of the eigenvec-
tors. The orientation of each tensor allows the misalign-
ment to be given as the difference between each Euler
angle, and so three scalar values are necessary to define
the full stress–strain lag in a fully three-dimensional flow.

The calculation of the eigenvalues of both tensors, per
node, per timestep, is too expensive for large calculations.
A simpler approach would be instead to consider the inner
product of the two original tensors, to give a scalar mea-
sure of alignment rather than an angle. This parameter

C0as ¼
aijSij

kakkSk ¼ �
Cas

kak ; ð3Þ

where the invariants are defined as

kak ¼ ffiffiffiffiffiffiffiffiffiffi
aijaij
p

and kSk ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2SijSij

p
ð4Þ

will return a value of 1 when aij is aligned with Sij and their
eigenvectors have equal signs, and a value of 0 when, for
instance, there is a lag angle of 45�. The alignment param-
eter is intended to be employed within a two-equation
modelling framework and so the term Cas defined in Eq.
(2) will, in fact, be modelled, which is limited by ±kak.
The case Cas = kak corresponds to the result that would
be returned by a linear EVM, so in effect this parameter
quantifies the degree of non-linearity of the stress–strain
relationship.

3. Derivation of the k–e–Cas model

The transport equation for Cas will now be derived. This
is necessary in order to capture the effects of stress–strain
lag in transient flows. The aim is to correct mt in highly
non-equilibrium flows, whilst not affecting the original
EVM results in flows close to equilibrium. Given the defi-
nition of Cas from Eq. (2), its derivative can be obtained
using the product rule (where D//Dt = o//ot + Uko//
oxk):

DCas

Dt
¼ � 1

kSk Sij
Daij

Dt
þ aij

DSij

Dt
þ Cas

DkSk
Dt

� �
: ð5Þ
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It is proposed that the total derivative for aij in Eq. (5) can
be calculated from a full Reynolds stress model:

Duiuj

Dt
¼ P ij þPij � eij þDiffviscous

ij þDiffturbulent
ij : ð6Þ

The terms for production Pij and viscous diffusion,
Diffviscous

ij are exact, but the remaining terms must be mod-
elled. The production can be rewritten as

P ij ¼ �k
4

3
Sij þ aikSkj þ Sikakj þ aikXkj þ Xikajk

� �
; ð7Þ

where

Xij ¼
1

2

oUi

oxj
� oUj

oxi

� �
ð8Þ

allowing the influence of the rotation tensor Xij to be seen.
The tensorial dissipation in the RSM can be linked to

the dissipation equation by assuming local isotropy
eij ¼ 2

3
edij. This is generally assumed to be accurate as long

as the Reynolds number is high. However, when the Rey-
nolds number is lower or when approaching a wall, this
is not exact. The pressure strain term Pij will here be
approximated using the SSG model of Speziale et al.
(1991):

Pij ¼�ðC1eþC�1P kÞaij�C2e aikakj�
1

3
dijA2

� �

þ ðC3�C�3
ffiffiffiffiffi
A2

p
ÞkSijþC4k aikSjk þ ajkSik �

2

3
almSlmdij

� �
þC5k aikXjk þ ajkXik

� �
; ð9Þ

where the coefficients are given in Table 1.
Using the definition of the anisotropy tensor Eq. (1) the

transport equation for the aij can be obtained from Eq. (6),
and can be written as

Daij

Dt
¼ 1

k
P ij þPij � eij � P k � eð Þ aij þ

2

3
dij

� �� �
þDiffaij ;

ð10Þ
where Diffaij contains all required diffusion terms.

Rodi developed the Algebraic stress model (ASM), in
which the neglection of transport of aij is referred to as
the weak equilibrium assumption ðDaij=Dt �Diffaij ¼ 0Þ
(see Rodi, 1975, 1976). This allows one to construct an
algebraic approximation for the anisotropies, based on a
specific RSM . In this case the anisotropy relation is impli-
cit and a coupled, non-linear system of equations must be
solved. The approach was shown to retain some features
from RSMs but numerical difficulties resulting from a lack
of diffusion or viscous damping lead to problems particu-
larly for complex flows. An alternative approach, known
as Explicit Algebraic Reynolds stress models (e.g. Wallin
Table 1
Coefficients in the SSG pressure–strain model

C1 C�1 C2 C3 C�3 C4 C5

1.7 0.90 1.05 0.8 0.65 0.625 0.2
and Johansson, 2000) instead aims to obtain the anisotropy
tensor explicitly in terms of the mean flow field. Some of
these schemes have been shown to be accurate in rotating
and sheared flows, although they remain unable to incor-
porate history and evolution effects of the stresses into their
predictions.

The present approach is different from the ASM
approach in that the entire RHS of Eq. (6) is used. Given
that these terms are balanced to give the advection of the
stresses, this approach will be inherently able to incorpo-
rate evolution effects. To simplify the implementation, the
exact diffusion terms from the RSM will be dropped, and
their effect incorporated within a simple gradient diffusion
term in the general transport equation of Cas. The general
transport equation for Cas can therefore be rewritten, after
substitution of Eq. (6) into Eq. (5) as shown below:

DCas

Dt
¼ � 1

kSk ðSijP ij þ SijPij þ aijSij � aijSijeÞ

� 1

kSk aij
DSij

Dt
þ Cas

DkSk
Dt

� �
þDiffCas : ð11Þ

After substituting for Pij, the full transport equation for
Cas for any linear or quasi-linear pressure strain model
can be written as

DCas

Dt
¼ a1

e
k

Cas þ a�1kSkC2
as

� a2
Sijaikakj

g
a3 þ a�3

ffiffiffiffiffi
A2

p	 

kSk

þ a4

SijaikSjk

kSk þ a5

SijaikXjk

kSk � 1

kSk
DSij

Dt

� aij þ
2CasSij

kSk

� �
þDiffCas ; ð12Þ

where

a1 ¼ 1� C1ð Þ; a�1 ¼ � 1þ C�1
� �

; a2 ¼ C2;

a3 ¼
4
3
� C3

� �
2

; a�3 ¼
C�3
2
;

a4 ¼ 2 1� C4ð Þ; a5 ¼ 2 1� C5ð Þ

and the corresponding constants for the SSG and LRR
(Launder et al., 1975) pressure–strain model are given in
Table 2.

The turbulent viscosity mt is now taken as

mnew
t ¼ k min

Clk
e
;

Cas

kSk

� �
ð13Þ

which is derived from equating the production term for a
standard EVM approach, Pk = mtkSk2 with the new defini-
Table 2
Constants in the SSG and LRR pressure strain models

a1 a�1 a2 a3 a�3 a4 a5

SSG �0.70 �1.90 1.05 0.267 0.325 0.75 1.60
LRR (QI) �0.80 0 0 0.267 0 0.254 0.69
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tion, Pk = CaskkSk and rearranging for mt. This appears to
be a limiter similar in style to that in the SST model,
although several works have developed similar approaches
whereby the lower of either the turbulent or the mean flow
timescales are selected to limit over-prediction of turbulent
viscosity. However, the present approach not only allows
viscosity to be limited in regions of high strain, but also,
crucially, responds to local changes in the stress–strain
alignment parameter Cas.

Finally, the diffusion term in Eq. (12) is modelled by a
simple gradient-diffusion scheme:

DiffCas ¼ o

oxj
mþ mt

rcas

� �
oCas

oxj

� �
ð14Þ

with the constant rcas = 5.
If the model is to reproduce the log-layer region cor-

rectly, then it is a requirement that it returns the standard
value of Cl in equilibrium conditions (i.e. when the produc-
tion to dissipation ratio is unity and g = (k/e)kSk = 3.333).
This is tested by taking Eq. (12), setting all time derivatives
to zero, and neglecting convection and diffusion. Since for
the linear EVM there is no normal anisotropy, aii = 0, it
became necessary to reduce C�3 by a factor of two in order
to achieve the correct balance, giving a value Cas = 0.32
which is equivalent to Cl = Cas/g = 0.096 and hence close
to the standard value. If a non-linear EVM were to be
employed to estimate the stresses, modification to the
underlying stress transport model coefficients might not
be needed, since a better representation of the normal stres-
ses would be obtained than when adopting a linear EVM.
However, for the results presented in this paper, the low
Reynolds number k–e model proposed by Launder and
Sharma (1974) is used as the baseline model, with the
straightforward extension described in Eqs. (12) and (13).

A realisability bound is also imposed on Cas in Eq. (13)
by noting that the eigenvalues of uiuj are bounded between
zero and 2k. Imposing this lower bound on the linear EVM
gives the constraint 2mtk

S
max 6 2=3k, where kS

max is the max-
imum eigenvalue of the strain tensor (Durbin, 1996). Since

kS
max <

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kSk2

=3
q

, the realisability of turbulent viscosity can
be ensured by maintaining mt 6 k=

ffiffiffi
3
p
kSk, which leads to

the inferred bound on Cas of

jCasj 6
1ffiffiffi
3
p : ð15Þ
4. Near wall treatment

At a solid boundary, Cas is set to be zero which is the
appropriate condition since in a channel flow Cas is equal
to a12 which itself becomes zero at the wall. The transport
equation for Cas (Eq. (12)) is derived from a high Reynolds
number pressure strain model (Eq. (9)), which requires spe-
cial treatment as the wall is approached. In this region the
quasi-homogeneous approximation for pressure strain fails
(Durbin and Pettersson-Reif, 2001). A priori DNS studies
show that in general the model has problems in the region
y+
6 100, where the non-dimensional wall units are defined

as y+ = yUs/m, with Us the friction velocity. In the present
work, the damping function

f Cas ¼ tanh exp
yþ � 80

10

� �� �
ð16Þ

is applied to all the source terms of Eq. (12) to improve
near wall prediction. This function was calibrated with re-
spect to channel flows at several different Reynolds num-
bers. Future development could address this issue by
incorporating a low Reynolds number pressure strain mod-
el, although many of these employ damping functions
dependent on near wall distance. One model that does
not require the wall distance is the two component limit
model of Craft (2002), and this might perhaps be an appro-
priate choice.

Although the above damping is required in the Cas equa-
tion, the overprediction of Cas in the near wall region that
would result from not including it does not largely affect
the results presented here. This is because close to the wall,
the turbulence timescale, k/e, is small compared to that
associated with Cas/kSk in Eq. (13).

5. Numerical treatment

Calculations for some of the present flows were per-
formed using the EDF in-house CFD code, Code_Saturne

(Archambeau et al., 2004). This is an unstructured
finite-volume code based on a collocated discretization
for cells of any shape. It solves turbulent Navier–Stokes
equations for Newtonian incompressible flows with a frac-
tional step method based on a prediction–correction algo-
rithm for pressure/velocity coupling (SIMPLEC) and a
Rhie and Chow interpolation to avoid pressure oscilla-
tions. A number of turbulence models are available
(among them the high and low Reynolds number versions
of k–e, SSG, v2–f, LES). Several LES calculations have
been recently computed successfully with Code_Saturne,
see e.g. Jarrin et al. (2005), Benhamadouche et al.
(2002). Both the standard Smagorinsky model with a con-
stant of 0.065 and the classical dynamic model have been
used to compute the oscillating channel flow reported
here. In these simulations the time advancing scheme is
second order with a combination of Crank–Nicolson
and Adams–Bashforth schemes, and a fully centred
scheme is used for the convection term without any
upwinding. In the case of non-orthogonal cells, a gradient
reconstruction technique is used to maintain second order
accuracy in space.

The RANS calculations of the 1D cases have been per-
formed using a in-house one-dimensional solver.

6. Homogeneous irrotational cyclic strain

The evolution of turbulent kinetic energy in a general
case of homogeneous turbulence subjected to a cyclic com-
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pression and expansion is considered. The control volume
can be thought of as being in the centre of a very large com-
pression chamber, thus excluding secondary motions and
wall effects. The imposed strains S11 = 2/3S(t), S22 = S3 =
�1/3S(t) to ensure continuity. The time dependent strain,
S(t) is taken as

SðtÞ ¼ x cosðxtÞ
sinðxtÞ þ 5

4

ð17Þ

so

dS tð Þ
dt
¼ x2 sinðxtÞ

sinðxtÞ þ 5
4

� �
þ cosðxtÞ

sinðxtÞ þ 5
4

� �2
" #

: ð18Þ

In this case, U is the local axial mean flow velocity, x de-
notes piston direction and t time from zero. The external
parameter is the piston motion period T, which is used to
non-dimensionalise t. We consider a typical internal com-
bustion engine case with a piston stroke of 1 � 1/r = 4/5,
where r is the compression ratio.

The variation of both S(t) and dS(t)/dt are shown in
Fig. 1.

We now solve numerically both an EVM and an RSM
for the same case of homogeneous cyclic compression.
For a demonstration of the differences between these two
models, it is not important which particular EVM or
RSM is used, although here we present results from the
standard k–e and SSG RSM. Results will also be shown
for the Cas model.

It can be seen from Fig. 2a that when the k–e model is
employed the turbulent kinetic energy explodes, since the
production is always positive. It is also seen that the stress
and strain are directly in phase, with their maxima occuring
at the same phase locations. Conversely, when the RSM is
used, (Fig. 2b) the kinetic energy decays, due to a net zero
production averaged over each cycle, which, combined
with the dissipation, causes an overall net decay. These
results also indicate a phase lag of p/2 between the maxima
of stress and strain, which was not captured by the k–e
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model. In this case there is a stark difference between the
results from the two turbulent closure schemes, brought
about by the failure of the EVM to decouple the turbulent
stresses from the strains. Under homogeneous conditions
the contribution of both convection and diffusion is zero,
thus this difference is due in large to the representation of
the production term.

The exact production rate of turbulent kinetic energy,
P k ¼ �uiujSij, is the simply the trace of the stress produc-
tion term in Eq. (7). However, due to the formulation of
the stress–strain relation, the production term that appears
with a linear EVM is equivalent to Pk = mtkSk2. The turbu-
lent viscosity in a two equation framework is generally
always positive, since mt is calculated from k and either e
or x, which themselves are always positive. In this way a
negative production, or a back transfer of energy from tur-
bulent motion to the mean flow, can not be achieved in a
two equation context, whereas the independent calculation
of turbulent stresses as in an RSM does not prevent this.

Furthermore, while one might expect an approximation
of stresses from an NLEVM to correctly model the produc-
tion, since more anisotropy is added, this is not always
true. It is possible in some cases to obtain a negative pro-
duction with an NLEVM, but exactly how much and under
what strain rates depends on the exact forms adopted for
the non-linear coefficients and Cl.

When the Cas model is used (Fig. 2c) the results of the
RSM are almost exactly reproduced, with only a slight dif-
ference in the decay rate of k and e. There is clearly a phase
lag present between the stress u2

1 and the strain S11,
although the stress curves do show a small kink where
S11 = 0, since they are calculated using the linear EVM,
so when the strains are zero, the normal stresses return to
2/3k. The Cas model’s performance in this case is largely
due to the DSij/Dt term in the Cas equation, since, together
with the slow pressure strain term (the first term in Eq.
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Fig. 2. Performance of models for turbulence subjected to a cyclic strain. Plots of left column: k and e, centre column: production of k and net balance
Pk–e, right column: comparison of stress and strain. (a) Top row: standard k–e; (b) middle row: SSG Reynolds stress model; (c) bottom row: present k–e–
Cas model.

826 A.J. Revell et al. / Int. J. Heat and Fluid Flow 27 (2006) 821–830
to become negative and therefore permit a zero contribu-
tion over one period to the source terms of the turbulence
transport equations. It is important to note that in inhomo-
geneous flows, this term would also include the spatial con-
vection of the strains and thus its influence is not limited
solely to unsteady flows.

7. Oscillating channel

In this case, it was proposed to examine how the model
is able to handle a wall bounded flow with imposed
unsteadiness. LES results are available to describe the peri-
odic variation of the flow field. The flow is forced by a
mean pressure gradient following the notations given in
Scotti and Piomelli:

P fðx; tÞ ¼ DP 0 1þ a cos Xt þ p
2

	 
h i
x=Lx: ð19Þ

In the following, the frequency X = 3.57 s�1 and the ampli-
tude a = 50, which is referred to in Scotti and Piomelli as
an intermediate frequency. This is an interesting frequency
which causes the turbulent quantities to become out of
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phase and is therefore suitable to the present study
(whereas the higher frequencies influence only the flow very
close to the wall). The pressure is lagged in order to start
the acceleration phase at Xt = 2pt/T where T is the period
time. The channel half height d and the mean pressure gra-
dient DP0/Lx are set to give a Reynolds number of 350,
based on the mean friction velocity us ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dDP 0=2qLx

p
. A

set of 100 nodes is used to discretize the 1D domain for
the URANS calculations with a near wall refinement. As
commented earlier, a further LES study of this flow was
also conducted, to provide more detailed data against
which to validate the present model.

The domain size in these LES calculations is 6dp ·
4d · 3/2dp and the number of cells is 64 · 64 · 65 with wall
refinement. The maximum Courant number in all the cal-
culation did not exceed 1. In all the computations, a phase
averaging is used to compute mean values. Phase averaging
is denoted by h Æ i. It is defined for a physical variable / as
follows:

h/iURANSðy; tÞ ¼
1

N

XN

n¼1

f y;
t
T
þ n

	 

ð20Þ

h/iLESðy; tÞ ¼
1

N

XN

n¼1

1

LxLy

Z Lx

0

Z Lz

0

f x; y; z
t
T
þ n

	 

dzdx

ð21Þ
Initial work was carried out to validate the LES for the
oscillating channel flow. Fig. 3 shows the periodic variation
of several quantities for the two LES models employed in
the present work, Scotti and Piomelli’s LES and the UR-
ANS computations. Overall the agreement between the
three LES calculations is very reasonable, although the
dynamic model seems to overpredict both the velocity
and kinetic energy in comparison to the other two, partic-
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Fig. 3. Time series over period of oscillation for centreline velocity Ucl, maxim
to LES reference data from for validation of LES dynamic and LES Smago
without Cas modified viscosity.
ularly in the later acceleration and early deceleration stages
(between t/T = 0.25 and t/T = 0.75). There is a slight dis-
crepancy in the variation of the wall shear stress between
the new results and the reference data, where a bump
appearing between t/T = 0.6 and t/T = 0.9 is not picked
up by the former. This is mirrored by discrepancies in the
periodic variation of kinetic energy, for the same time
bracket, which also corresponds to the deceleration region
of the oscillation (between t/T = 0.5 and t/T = 1). This
behaviour is an indication of the strong influence of near
wall phenomena on the rest of the flow.

Although the reference profile of kinetic energy suffers
from a lack of data points, the asymmetric bump during
deceleration shown by all 3 LES profiles is a well docu-
mented feature of this flow and should not be ignored.
The k–e–Cas models are in very good agreement with the
LES data in the acceleration phase, where kmax undergoes
a slow increase, and the agreement with the velocity profile
is also improved with respect to the standard model for the
same time period. After around t/T = 0.6 the predicted
kmax values start to decrease rather too early compared
to the LES data. The standard k–e model, in contrast,
does not predict an increase in kmax until the early deceler-
ation period (around t/T = 0.55). It then predicts a very
rapid increase, followed by a decrease which does broadly
agree with the LES data in the later deceleration phase,
from around t/T = 0.75. Given the fairly decent agree-
ment between the low Reynolds number k–e and the
reference data in this late deceleration phase, it might be
concluded that the selection of a good near wall model
or damping function, together with an adequate near
wall refinement is enough to capture the main features
of this stage of the flow. It is important to note that
in the acceleration phase the Reynolds number is higher
RENCE (Scotti)
magorinsky
ynamic model
odel LS
odel LS with C

as

0.5 0.625 0.75 0.875 1

t/T

um streamwise kinetic energy kmax and wall shear stress swall. Comparison
rinksy models. Results from low Reynolds number k–e model, with and



Fig. 4. Preliminary results for flow around NACA0012 at max lift at an incidence of 60� using k–e–Cas model. Top: Contour plot of pressure overlaid with
flow streamlines. Bottom: Contour lines of modified Cl with labels. Both at same location and time.
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and so near wall effects are confined to a region closer the
wall, with the opposite being true for the deceleration
phase.

This flow is certainly influenced to a large extent by its
near wall features and the above results show an apparent
phase switch between best predictions being offered by the
k–e–Cas model over much of the flow, although by the stan-
dard k–e–Cas in the later deleceration period. This is likely
due to the fact that the terms of the Cas transport equation
are not valid in the near-wall viscous layer. Since they come
directly from the high Reynolds SSG model, there is no
damping of the pressure strain or other processes. The
low Reynolds k–e model shows an improved behaviour in
Fig. 5. Preliminary results for flow around NACA0012 at max lift at an inc
aerofoil, compared by the SSG RSM, the k–e model and the k–e–Cas model.
the deceleration region (where, as noted earlier, the viscous
layer is thicker) and it is reasonable to expect that a low
Reynolds number version of the k–e–Cas model would
return similar improvements.

8. Flow around NACA0012 at high incidence

As a demonstration of the k–e–Cas model’s applicability
to more complex flows, the flow around a NACA0012 air-
foil at an incidence angle of 60� has been computed. In this
case the wake is massively separated and unsteady, and
should therefore provide a good test for the k–e–Cas

scheme.
idence of 60�. Evolution of velocity at three probe locations around the
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Fig. 4 shows contour plots from some early calculations
of this flow. It can be seen that the model captures the
unsteady separation and that Cl is reduced in regions cor-
responding to the shed vortex structures (shown by the
pressure contours and flow streamlines). In Fig. 5 the
improvements achieved by using the Cas model relative to
a standard two equation model can be seen more clearly.
The model gives results that very closely mimic those
obtained from a full stress transport closure. It can also
be noted that the behaviour shown is in agreement with
the prediction of strongly detached flows by modified two
equation models (with Cl reduced) in the context of Organ-
ised Eddy Simulation (Hoarau et al., 2002). This reduced
Cl approach has also been used to improve the RANS
length scale in DES for the same NACA0012 configuration
(Braza and Hoarau, submitted for publication).

9. Conclusions and future work

The degree of alignment of stresses and strains has been
expressed as a dimensionless parameter (Cas) and a trans-
port equation derived to account for the evolution of this
quantity. The equation is derived from a full RSM model
so as to incorporate phase lag information and to automat-
ically limit the production of kinetic energy in regions of
strong strain. The Eddy viscosity is globally modified, to
be a function of Cas, so there is no discrepancy between
that used in the turbulent transport and in the mean flow
equation.

The motivation behind the model development stems
from the observation that in rapidly varying mean flows,
such as bluff body wakes or around staggered tube bundles,
RSMs can produce large unsteady structures, whilst stan-
dard Eddy viscosity models tend to generate excessively
high levels of turbulent energy, damping out such unstead-
iness. In the flows examined, the model has performed well:
in the case of cyclic straining and massively separated flow
behind an aerofoil it produced results almost identical to
those from a stress transport scheme, whilst in the oscillat-
ing channel flow the predictions were generally in good
agreement with recently generated LES results. A detailed
study of the model’s performance in flow around a circular
cylinder is now in progress (Perrin et al., 2005).

The k–e–Cas would appear to be an economical alterna-
tive to using a full stress transport model in some circum-
stances, since its computational expense and coding
complexity are only slightly greater than required by typi-
cal k–e schemes. For more complex applications it might,
however be beneficial to apply it within the context of a
non-linear Eddy viscosity model, in order to obtain better
stress anisotropy predictions. Elements of the model might
also be adapted for use in DES applications, where its
response in regions of stress–strain lag could be used to
identify the transition region between different modelling
approaches, where unsteadiness starts to emerge, in a more
general manner to the ad-hoc switching based on grid char-
acteristics that is commonly employed.
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